The connection between entanglement and the speed of quantum evolution (as measured by the time needed to reach an orthogonal state) is discussed in the case of two quantum particles moving in a one-dimensional double well. The aforementioned connection offers an interesting opportunity of discussing the basic features of quantum entanglement within an elementary context, using concepts and methods usually included in university courses of quantum mechanics.
Introduction
Quantum entanglement [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] is widely regarded as one of (if not the) most fundamental feature of the quantum description of Nature [13] [14] [15] . It has been the subject of intense research activity in recent years [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] . Quantum entanglement constitutes a physical resource playing a fundamental role in connection with important quantum information processes [15] such as quantum teleportation [16] , superdense coding [17] and quantum computation [18] . The experimental implementation of these processes may have important practical applications, not only in the communication and computational technologies, but also in other areas, such as quantum metrology [19] . Besides its technological relevance, current research in quantum entanglement is shedding new light upon fundamental aspects of quantum physics, such as, for instance, the emergence of thermodynamic behaviour within composite quantum systems [21] . Another example is provided by an interesting relationship between entanglement and the time evolution of composite quantum systems that has recently been established [22] [23] [24] : quantum entanglement enhances the 'speed' of evolution of certain quantum states, as measured by the time needed to reach an orthogonal state. Due to its great importance, both from the fundamental and from the practical point of view, it is imperative to incorporate the concept of entanglement into the teaching of quantum mechanics [28, 29] . The aim of the present contribution is to illustrate some aspects of the relationship between quantum entanglement and the speed of quantum evolution, in connection with the problem of the tunnelling time in a double-well potential [30, 31] . The connection between entanglement and quantum evolution allows for a discussion of the basic aspects of quantum entanglement on the basis of ideas (such as the idea of tunnelling time) that are usually included in university courses of quantum mechanics. Consequently, the present discussion offers the important pedagogical advantage of not requiring a discussion of subtle topics in information theory, cryptography or computer science.
Two particles in a double well: separable versus entangled states
We are going to consider a system consisting of two distinguishable particles of mass m (with coordinates x 1 and x 2 ) moving in a one-dimensional double-well potential V (x) (see figure 1 ). The eigenstates associated with the potential V (x) can be used, for instance, as an approximate description of the low-lying states of a homonuclear diatomic molecule [32] . Two such molecules constitute a possible physical realization of the bipartite composite quantum system that we are going to consider here. Details on the particular double-well potential used to generate the figures of this paper are given in the appendix. Let |ψ 0 and |ψ 1 denote the (one particle) ground and first excited states corresponding to the potential V (x), with eigenenergies E 0 and E 1 , respectively. The ground state |ψ 0 is described by an even wavefunction, while the state |ψ 1 is described by an odd wavefunction (see figure 2) . The linear combinations
and correspond to states of a particle localized, respectively, in the right-hand side well and in the left-hand side well of V (x). If we consider only (single-particle) states that are linear combinations of |ψ 0 and |ψ 1 , we have a system described by an effective two-dimensional Hilbert space or, in quantum information parlance, an effective 1-qubit system. Now we are going to focus our attention on states of two distinguishable quantum particles living in the potential V (x). We are going to work only with states that are linear combinations of the four states |ψ 0 |ψ 0 , |ψ 0 |ψ 1 , |ψ 1 |ψ 0 and |ψ 1 |ψ 1 . In other words, we are going to work with an effective 2-qubit system. Pure states of this composite system can be classified into factorizable pure states and entangled pure states. On the one hand we have factorizable states
where |φ k (k = 1, 2) are pure states of the k-particle. On the other hand we have entangled states, which are those that cannot be written in the form (3). In the case of factorizable states, each subsystem (in our case, each one of the two particles) is described by an individual pure state of its own (that is, the states |φ k (k = 1, 2) in (3)). On the contrary, when we have an entangled state it is not possible to assign an individual pure state to each subsystem. In this case, the subsystems are in mixed states, which are described by density matrices. If our two-particle system is in a (pure) entangled state |ψ , each particle's state is described by a (marginal) density matrix obtained by taking the trace of the projector |ψ ψ| over the coordinate of the other particle. That is, the particles are described by density matrices ρ k given by
More explicitly, the matrix elements of the density matrices ρ k are given by
Not all entangled states are endowed with the same amount of entanglement. A quantitative measure of the amount of entanglement of a pure state |ψ is given by the von Neumann entropy of either of the matrices ρ k ,
It is clear that according to the measure E(|ψ ) factorizable pure states have zero entanglement. A fundamental property of the measure of entanglement (6) is that it does not change under the action of local unitary transformations. That is, it does not change under the action of transformations of the form
where U 1,2 represent unitary transformations acting on each particle individually.
In the problem we are considering, we have two non-interacting quantum particles moving in the same potential V (x). The Hamiltonian of our system is of the form
where I k stands for the identity operator acting on the Hilbert space associated with the k-particle (k = 1, 2) and
It is clear that the time evolution operator of this system is local (that is, it has the form (7)) with
Consequently, the amount of entanglement of our two particles is not going to change in time.
Note that the amount of entanglement exhibited by a given state of our two-particle system is an intrinsic property of that state. It does not depend on the form of the Hamiltonian. However, the Hamiltonian determines the evolution of the state and, consequently, also determines eventual changes in the amount of entanglement. In the case of the Hamiltonian (8)-(9) that we are going to consider, the amount of entanglement at any time is going to be the same as the amount of entanglement E(|ψ(t 0 ) ) associated with the initial state |ψ(t 0 ) . Obviously, the initial entanglement E(|ψ(t 0 ) ) is, in turn, determined by the particular way in which the initial state was prepared.
Entanglement and the speed of quantum evolution

The speed of quantum evolution and its lower bound
A natural measure for the 'speed' of quantum evolution is provided by the time interval τ that a given initial state |ψ(t 0 ) takes to evolve into an orthogonal state [22] [23] [24] 33] ,
In our present example involving two particles in a double-well potential, τ can be regarded as the tunnelling time of the two-particle system. Let E denote the energy's expectation value,
and E denote the energy's standard deviation, defined as the square root of the variance, which measures the energy's uncertainty, A lower limit for the evolution time τ to an orthogonal state is given by [33] 
Comparing a separable state and a maximally entangled state
Let us first consider the factorizable, two-particle state
corresponding to a situation where both particles are localized in the right-hand side well (see figure 3 ). The expansion of this state in the Hamiltonian's eigenbasis is
the energy expectation value is
and the energy uncertainty is
The concomitant lower bound for the time to reach an orthogonal state is then (see equation (14))
On the other hand, the time actually needed by state |ψ RR to evolve into the orthogonal state |ψ LL = |ψ L ⊗ |ψ L (whose wavefunction is depicted in figure 4 ) is the same as the time needed by the one-particle state |ψ R to evolve to |ψ L ,
Consequently, Therefore, we see that the state |ψ RR does not saturate the bound (14) . Its evolution is not as fast as it is allowed by the bound (14) . Let us now consider the entangled state
whose energy expectation value is
and whose energy uncertainty is
The state |ψ ent is (within our effective 2-qubit system) maximally entangled. The amount of entanglement of this state is (see equation (6))
which is the maximum amount of entanglement in a 2-qubit system. The wavefunction of state |ψ ent is exhibited in figure 5 . After a time interval τ (|ψ ent ), this state evolves into the orthogonal state |ψ ent ⊥ , whose wavefunction is plotted in figure 6 . In this case, the actual time needed to reach an orthogonal state coincides with the bound given by (14) ,
In other words, the entangled state |ψ ent saturates the bound (14) . It is instructive to compare some general aspects of the time evolution of states |ψ RR and |ψ ent . In the case of the separable state |ψ RR , it is possible to associate the individual pure state |ψ R with each particle, and these single-particle states evolve in such a way that the associated wavefunctions are localized alternately in each well. In other words, the expectation values x 1,2 oscillate between the two wells. On the contrary, in the case of the entangled state |ψ ent each particle is described by the mixed state
These density matrices describing the single particle states do not evolve in time. The associated probability densities have two peaks, one in each well. The expectation values x 1,2 are constant in time. In order to 'detect' the time evolution of the two-particle system one has to consider the behaviour of the expectation values of operators involving both particles. For instance, the expectation value
exhibits a periodic time dependence. It adopts its maximum value for the wavefunction |ψ ent depicted in figure 5 , and its minimum value for the orthogonal wavefunction |ψ ent ⊥ depicted in figure 6.
More general states
The general state of our effective 2-qubit system is |ψ = a 1 |ψ 0 |ψ 0 + a 2 |ψ 0 |ψ 1 + a 3 |ψ 1 |ψ 0 + a 4 |ψ 1 |ψ 1 ,
where the a i s are complex coefficients satisfying the normalization requirement,
The time τ needed for this state to evolve into an orthogonal one is given by
This equation for τ can be recast as
The initial state (29) evolves to an orthogonal state if and only if the quadratic equation (32) admits at least one root with modulus equal to 1. Let us consider the family of states (which we denote the 'β-family') leading to an equation (32) with two complex conjugate roots with modulus equal to 1,
If that is the case, we can rewrite the polynomial P (x) under the guise
Comparing now expressions (32) and (35) for P (x), and taking into account the normalization requirement (30) , one obtains
We thus see that the β-family of states evolving to an orthogonal state constitute a monoparametric family parameterized by the parameter β. Therefore, all the relevant quantities concerning these states can be written in terms of β. In particular,
and the quotient between the actual time τ of evolution to an orthogonal state (which is related to β through equation (34)) and the lower bound τ min is
It is plain from this last equation that the lower bound on τ is saturated (that is, τ/τ min = 1) only in the case β = π/2, corresponding to the maximally entangled state |ψ ent given by equation (22) . On the other hand, let us consider a separable pure state
which evolves to an orthogonal state. In order for this to happen, at least one of the states |φ a,b has to evolve to an orthogonal state. Let us assume that
evolves to an orthogonal state. In that case, we have
Equation (41) clearly implies that
and consequently, if the state belongs to the β-family, we have β = π . Therefore, it follows from equation (38) that separable states in the β-family have the highest possible value of τ/τ min ,
The separable state given by equations (15)- (16), which we have previously considered in connection with the two-particle system in a double well, is an example of a state corresponding to the case β = π . This state illustrates an important feature of separable states: separable states that are energetically symmetric (that is, the energy and the energy's uncertainty are shared evenly between the subsystems) do not saturate the bound (14) . In fact, all energetically symmetric separable states that evolve to an orthogonal state correspond to the case β = π . It must be emphasized that the two particles that we are considering do not interact with each other, and that the entanglement of the system (which is conserved in time) is given by its initial state.
Conclusions
We have used a system of two non-interacting quantum particles in a double-well potential to illustrate the connection between the speed of quantum evolution and quantum entanglement. The entanglement is preserved in time, and is given by the initial state of the system. The time required by separable (energetically symmetric) initial states to reach an orthogonal state does not saturate the bound (14) . On the contrary, there exist (energetically symmetric) maximally entangled states (within an effective 2-qubit description) that do saturate the bound. That is, they evolve as fast as it is permitted by the value of their energy dispersion E. States of intermediate entanglement were also considered, and we proved that within the β-family all the states that saturate the bound have maximum entanglement (however, not all states with maximum entanglement do saturate the bound).
The connection between speed of evolution and entanglement in a system of two particles in a double-well potential offers interesting opportunities to illustrate the concept of entanglement in university courses on quantum mechanics. On the one hand, this illustration is based upon a set of well-known ingredients (i.e. quantum double-well potential, tunnelling time, etc) that are usually covered in courses on quantum mechanics. On the other hand, this example provides a clear instance of what we might call a 'positive' feature of quantum entanglement, as contrasted with the 'negative' way in which entanglement is usually defined. Entangled states are normally defined in terms of what they are not: an entangled pure state is a state that cannot be factorized. Most of the 'positive' aspects of entanglement involve its role as a resource to implement novel, non-classical types of computation and communication processes. Alas, a discussion of these processes in a quantum mechanics course would require the introduction of various new concepts in information theory and computer science. On the contrary, the role played by entanglement in 'speeding up' the evolution of two particles in a double well requires mostly ideas that are already part of standard courses in quantum mechanics.
